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linear splitting methods for semi-discretized parabolic differential

tions

van der Houwen and J.G. Verwer

RACT

The purpose of the paper is to define splitting methods for systems
rdinary differential equations originating from semi-discretization
calar parabolic differential equations. Attention is focussed on ex-
it systems not satisfying a simple linear splitting relation. By intro-
ng non-linear splitting relations splitting methods are defined for
trary non-linear parabolic problems, provided the semi-discretization
hese problems leads to an explicit system of ordinary equations. The

ter part of these methods are discussed in the literature for linear

lems.
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RODUCTION

n the numerical treatment of partial differential equations splitting
erred to as a method of breaking down a complicated (multi-dimensional)
s into a series of simple (one-dimensional) processess. Well-known ex-—
are the alternating direction, the locally one-dimensional, and the
tch methods ([3,9]1). In the 1iterature,'these methods, when applied

le-dependent problems, are usually treated as direct grid methods.

ea of splitting can also be applied in conjunction with the method

es, an approach followed in [8]. In that paper we considered systems

>

dy_"‘*
dx EGy),

ch %(;) can be linearly splitted into k terms i.e.

HOER
1

I o~

> >

£.(y).

i

1
'stems of this type we defined a wide class of integration formulas,
was shown to contain known splitting schemes by identifying the func-
-+ . . . ° —-}
fi appropriately. In particular, we paid attention to functions £
ating from semi-discretization of parabolic equationms.
n this paper we also assume that (1.1) originates from semi-discre-

. . + - .
on of parabolic equations, but here f is supposed to satisfy a non-

splitting relation of the type

f(@y) =
j

I ~~8

F.G.y),
1

the functions fj are still to be prescribed and are called splitting
ons. This, at first sight somewhat strange splitting relation is
uced to extend results from [8] to semi-discretized equations not
ying (1.2) with "simple" functions %i’ e.g. functions with a tri-

ial Jacobian matrix. The functions Fj are also assumed to be "simple”,
aving tridiagonal Jacobian matrices with respect to both arguments.

>
‘e an example, by using these non-linear splitting functions Fj in




conjunction with the method of lines approach, alternating direction methods
>
are defined for functions f with an arbitrary non-linear 5-point coupling.

2. A CLASS OF NON-LINEAR SPLITTING SCHEMES

Let §n denote the numerical approximation to the analytical solution

a . . . .
y at x = x . Let h = x - X , 1.e. the n-th integration step-size. We
n n n+l n .

10w define one-step integration formulas of the type

»>(0) _ -

n+l ~ In?
. £

—>(J) _ 2(-1) v + (k) —>( ) .

(2.1) n+1 = yn+1 hn kL,@-—OI A_']kz@ FJ(yn+1’ n+]): j=1(mn,

A=

-> _ »(m)

Yo+l = Iper> B2 2

vhere the functions ;j(ﬁ,g) satisfy relation (1.3). In particular, it is
issumed that we are able to choose these functions in such a way that the
Jacobians with respect to both arguments are "simple'", e.g. tridiagonal.
Jy avoiding the occurrence of F (y(Jﬁ,y(iz) at the j-th stage, i.e. by
setting AJJj = 0, we then obtaln a computationally "simple'" process. Ob-
serve that in (2.1) the number of stages is equal to the number of split-—

—>.
:ing functions Fj'

!.1. The amplification matrix

Let us introduce the new parameters

k| j

. = \ AL . \'
2.2) Lix oLy ik Mig = Lo Mo
(k) 5(k)

ind let Ay +1 denote a perturbation of ¥ /. By writing

n+l

#6950 = 550 4k 5O

Yn+1°Yn+1 ] i T n+1?

> .
there Jj and Kj represent the partial derivatives of Fj(ﬁ,z) with respect

> . > . . . .
0o u and V at the point (§n’yn)’ we then obtain the first order variational




.ons
h]
A In+1 n kLK— kK
N j
(3- 1) Ay (k) Iy ->(£)
= Ay ) L. h J.A¥ + )} M.,h K., Ay
n+1 k=0 jk n"j “n+l 220 2 "nj o+l
J
42D Y . >(L)
= o L i Py T e P 18y 41

'ming the recurrence yields

>

-
Ayn+1 B Ruﬁyn’

ing the amplification matrix defined by the formal relations

R

0 I, I the unit matrix,

L. . M. . ] = .
L 5L JJ + it KJ]R s ] 1(Dm

w

greater part of the known applications R is factorized. We also

w

this property. Consequently, we shall assume that
Lj£=Mj£=0, £=O,.-o,j—2; j=2,...,m,

ing the formal expression

1 -
R = T [I-h, (L J + M..K.)] 1[I+h (L.. ,J. + M.,. K.)I.
m m i 3173 n o jj-l] 33-173
jiscussing particular schemes in following sections we confine our-—
s to schemes which are well known when applied to linear problems. As
sequence, we omit a stability analysis of the corresponding amplifi-

n matrices. For such an analysis we refer to the given literature.

he order conditions

The order conditions will be derived for orders p = 1 and p = 2.

(J)

ding y in powers of hn at x = x_ yields




j
+(J) - 2G-D v E AP S
n+] ntl + hn kio ij Ej(yn’yn) +
]
h ) [L.J.+M, WK ](*(k) 3+ 0md).
n .20 jk™] jk Yn n

Jsing conditions (2.5) this expression is simplified to the formal relat

-1
2.7 +(J) ¥ =[I-h (L..J. + M..K.)1 =
(2.7) Yn+1 ~ In ally375 * My5K5)

T
Ry gy * Lyjmr) FyOpo¥p) #

(T+h_(L; kNGIT =301+ owd).

+
ii- 17 j JJ—l 377 Y+

for j =1 (2.7) reads

, . (1) _—-> -1 > - 3,

2.7") Yor] Y, = h (L )[I h (L J1+M11K1)] F](yn,yn) + O(hn,
. —>(J) > '

.et us now assume that for every j, Y31 ~ Y, can be expanded as

: 2G) e L2, 127G, g3

(2.8) Vo] = Y, = b8 +h b 0(h ).

jubstitution of this expression into (2.7) yields

. —)-'
na@ep? TG0 Loy rren L.+ ML KR Tx
n n n n J3 ] JJ 3]

[(L..+L.. DF.(¥_,y.)
.. T .. AY +
ji T 35-17 3% Yn

+
n'35-173 4 M55-153
3
0(h).

lence, if assumption (2.8) applies E(J) and b(J) has to satisfy the

recurrence relations
) _ zG-D

T >
+ (LJJ + ij—l) FJ (ynsyn)’




) 3 2 3G-D [(LJ.J._1 + LJ:J.) Jj+ (ij_l + ij)Kj]Z(j‘l) +

(L +L.)(L..T, + M..K)F. @ 7))
S Tt S & Rt R TR 1 It RO IR AR A T
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7 _ (1)
b7 = (L3, +M KDa .

ocal analytical solution through the point (xn,§n) expands as.

- - ?E> - L2 B—E NN 3
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(yn) A F_] (yn>yn) P

i=1

)

-> m m

_?‘f_ > > > ¥ v o>

> Oty = o Gy * KDL Ty,

dy i=1 j=1

parison of (2.8) and (2.11) yields the order conditions

:F*(—r +)
i j In2Yn’:

I 3

I ~—8

> (m) T

) p=2: bW =4 ] (J,+K)
i
= 1

irst order condition (2.13) can always be satisfied by appropriate
s of the coefficients Ljﬂ and Mjﬂ’ irrespective the form of the

>
ting functions Fj' Condition (2.14) is a more complicated one. Se-
order consistency can only be obtained for special choices of the

. ->
ions F..
J

K 2.1 We do not give a special convergence proof of method

), as it is a one-step integration method of the type

- > >
=Y, + hn g (hn,yn,yn+1). Convergence results for one-step methods




o
iefined by general increment functions ? are known in the literature (see

2.g. [4] or [7]).

}. EXAMPLES OF SPLITTING FUNCTIONS

Before giving particular schemes from class (2.1) we first give

:xamples of splitting functions for systems
, d3 -> >
3.1) 5= £y,

sriginating from semi-discretization of two and three-dimensional parabolic
:quations (scalar ones). With the exceptions of a few these functions de-

!ine splittings known from the literature. In this context we observe howe-
rer that we admit arbitrary non-linearities, provided some coupling between
:omponents of y has been prescribed. In the literature splittings are usual-

ly defined for linear problems.

}.1 Splittings for semi-discretized two-dimensional parabolic equations

> >
In this section we give examples of splitting functions F1 and F2

such that
, > > e > > >
3.2) f(y) = Fo(y,y) + Fz(y,y).

> >
f the index j is omitted the functions F, and F, are chosen identically.

1
'he two-stage schemes using these functions will be given in section 4.1,

—+
't is agreed that the U-argument of Fl(ﬁ,V) occurs implicitly in the com-—

(1)

Y.+ While the v-argument of %2(3,?) occurs implicitly in the

i . >(2)
:omputation of Yo+1®

The components of ; and f are supposed to be arranged in a two-

ywatation of

limensional array. Each array element is then associated to a gridpoint
f the two-dimensional grid imposed on the region under consideration.
wuch a grid is not necessarily rectangular, but may be of any shape. It
\lso may contain "holes". In fig. 3.1 an example of such an array is

iiven.
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Fig.3.1 Two-dimensional arrangement of

the components of ; and

—)
In order to define the splitting functions Fj(3,3) it
vide the set of gridpoint into four subsets as shown i

ed to these subsets we then define operators Pys Pgs P

[ R
- . > .
rs u, which leave the components of u corresponding to

oints unchanged and substitute a zero for all other co

ore, we give functions for 5-point and 9-point coupled

@ o ® [« ® o

+ x + x + x + X
@ o [ ] o ® o
-+ x + % + x + x
® o ® o @ o

Fig.3.2 Four subsets of gridpoints

Odd-even hopscotch splittings

The most simple splitting function for 5-point coupled
>

> >
by (F =F =F,)

F(,v) = §(B,+P,) T(0) + §(P+P E(V).

venie

3.2.

n

P on

X
+ and

ts. F

ions.

ions

u

Fhy




By computing ;éig (see scheme (4.1')) first at the e and x points, and then

at o and + points, only scalar equations are to be solved. The same holds

7(2)
1

for Yor when the computing order is reversed. This type of splitting is

known as the odd-even hopscotch splitting ([2]).

An alternative odd-even hopscotch splitting for 5-point coupled
>
functions is obtained by splitting the argument of f:

T o> > > - ->
(3.4) F(u,v) = %f((PO+P+) u + (P.+PX)V).
lere, also scalar equations have to be solved, provided the order in which
the solutions at the gridpoints are computed is the reversed of (3.3).
-
In case of 9-point coupled functions f, the functions
> > >
(3.6) F (U,v) = §(P+P )f(v) +
1 ® "x
> - ->
1
iPof((Po+P.+PX)u + P+V) +
1 > -> ->
§P+f((P++P.+PX)u + Pyv),
(3.7 R T e 7o
(3.7) F,(@,9) = }(,+2 )E@) +
i > >
2P.?((P.+PO+P+)V +Pu) +
; - -
§P_E((P_+P,+P,)V + Pgu),

1lso define a splitting of the odd-even hopscotch type. As far as we know,

oth (3.4) and (3.6),(3.7) are not mentioned in the literature.

}.1.2 Line hopscotch splittings

A splitting which applies to fZve-point as well as to nine-point
>
:oupled functions f is presented by

3.8) F@,9) = HRPOEM) + 42 +2 )E@).




lving first the o and e components and then the + and x components in
irst stage (see scheme (4.1')) and, vice versa, in the second stage,

tridiagonal impliéit schemes are to be solved. This type of splitting
own as the line hopscotch splitting ([3]1). Formula (3.8) defines the

ting along horizontal grid lines. In a similar way the splitting may

fined along vertical grid lines.

An analogue of the line hopscotch splitting (3.8) is obtained by

>
ting the argument f:

o>y 7 - -

F(u,v) = Zf((PO+P.)v + (PX+P+)u).
splitting also requires the solution of tridiagonal sets of algebraic
ions, irrespective whether we have five or nine-point couplings. As

5 we know, it has not been discussed in the literature.

Alternating direction splittings

3till more sophisticated formulas can be constructed by splitting
r . > .
E and its argument y. An example is presented by

> > > -

) F(a,v) = %Pof((%Po+P.)G + (PX+5PO)$) +
1D /(1 > 1 >
2P (P +P )0 + (P +3P )v) +
1 —f> 1 - 1 .
IR E((HR*R )T + (B, +3P)V) +
Ip £((1 > 1 z
§P+f((§P++P u + (P.+§P+)V),

represents an alternating direction splitting ([6]). Here, tridiagonal
ns of algebraic equations are to be solved alternatingly along the rows
> and x+x points, and along the columns of e+e and oxo points (see

-+
(4.1")), provided £ is a 5-point coupled function.

w

For 9-point coupled functions we need non-identical splitting func-

(see scheme (4.2)):
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S > -
(3.11) F (E,V) = %PO¥(§PO+P.)u + (P_+P +P V) +
1 1 e 1 "
zPXf(zPX*‘PQu + (B *B +iP V) +
1P F(4P_+P DU + (P_+P +}P)V) +
"¢ ‘2"@ O X + %@
lp %(lP +P )T + (P_+P +iP )¥)
2 + 2 + x o ® 2 + 5
o > - ' ->
(3.12) F,(4,v) = %Po?(%PO+P.+P+)u + (B_+P V) +

-+

1P F(IP +P +P )u + (P +1P)Y) +
TxT 2 x T+ e o ?'x

1P F(4P 4P +P )0 + (P44 )V) +
"¢ e 0 x + 2g

+

Ip /1 > 1 >
§P+f(§P++PX+PQ)u (P.+§P+)V).

3.2 A splitting for semi-discretized three-dimensional parabolic equations

In the present section we confine ourselves to one splitting, viz.

>
in alternating direction one. Let us assume that f(?) satisfies
> >
(3.13) £(y) = H(F,¥,9),

1 to be found. Further, let us assume that the components of ; and ?

ire arranged in a three-dimensional array, each element of it being asso-
>iated to a gridpoint of a three-dimensional grid, while the components
£ £ satisfy a 7-point coupling. In a similar way as done in section 3.1,
7e¢ now divide the set of gridpeints into 8 subsets (see fig.3.3) and de-

Poos Pugr Poys P

‘ine the related operators P., PO, Px’ P, 00’ Fxx? Pas-
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W(

£
b
>
<

Tig.3.3 Eight sets of gridpoints
. . +
lternal irection splitting of f is then defined by

-> > 1 d 1 > 1
) W) = PE((FR,*R)u + (3 P+P )V + (3 PO+POO)£§) +

> 1 1 1 ->
P.f((§P.+PO)3 * (3 P.+P+)$ * (3 Pg*Pgg)W) *
P—f((lP +P )ﬁ+(lP +P )$+(lp +P W) +
X 3 "x "+ 3'x "0 3 "x "xxX
- 1 > 1 > 1 ->
P+f((§ P++Px)u + (§-P++P’)v + (§-P++P++)w) +
1

> 1 -
Poof((3 Poo*Peelu + (3

[U%] N

-> ->
POO+PXX)V + (3 PootPolw) +

.+
P..+P.)W) +

W[ —

>
P..+P++)v + (

W —

-> 1 >
Poof((§'Poo+Poo)u + (

P__f((%P_+P )T + (
XX 3 ++74

P+ v+
XX PO )V (

..).
P +P Jw) +
XX o XX X

W[ —
W=

+

z. .1 - -> 1 -
P++f((§ P+++PXX)u + ( P+++P..)V (§-P+++P+)w).

W] —




sed in conjunction with scheme (4.8), this splitting requires the
on of tridiagonal systems of non-linear algebraic equations (this

goes back to DOUGLAS [11]).

MPLES OF SPLITTING SCHEMES

n the present section we give examples of schemes, using splitting
ons from section 3, which may be recognized as known splitting schemes
ed a corresponding problem class is chosen. We observe that these

s can also be given for the non-autonomous equation
-

d T > >

A f(x,vy).

s is not essential in the context of this paper it is omitted.

hemes for two-dimensional splitting functions

et us consider the simple two-stage formula

(1) _ = *(1)

yn+] = y + h F]( n+],Y )9

> _=>(1) >(1) >
Ya+1 = Tn+l * han(yn+1’yn+l)°

.cheme belongs to class (2.1),(2.5) and is of first order, provided

N
- F, satisfy (1.3). In case of identical splitting functions
>
= F2 and
(1) _ 2 (n =
ntl = Yo T PP,
-> _=>(D) (1)
Vel = Yps1 T f(yn+],yn+]),

:ain second order accuracy. This simple second order scheme represents

: odd-even hopscotch scheme ([2]) if F is defined by (3.3),
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.
> line hopscotch scheme ([3]) if F is defined by (3.8),
> alternating direction scheme of PEACEMAN and RACHFORD [6] if
ls defined by (3.8).

Jith the exception of the line hopscotch method, these methods only
to 5-point coupled equations ;. As can be seen in section 3.1, to
» splittings for 9-point coupled functioms %, we generally need non-
ical splitting functions. Let us consider the functions (3.11)-(3.12)
ing an alternating direction splitting in case of a 9-point coupling.
obvious to substitute these functions into scheme (4.1), to obtain
ternating direction scheme for 9-point coupled equations. Unfortunate-
1e resulting scheme is not unconditionally stable for linear parabolic
ams with a mixed derivative (problem (4.3)), and thus of limited use.
lore, we consider the following formula (computationally expensive)
>(1) _ > >(1)

h F
=y + ](YnH

-> > > >
n+l n n ’yn) ¥ hnFZ(yn’yn)’

- () 2 s > > >
Yn+1 = Yn+l hnFl(yn’yn) * hnFZ(yn’ynH)’

not belongs to class (2.1). It can be shown that (4.2) is of first
. e T > > T - . .
, provided Fl(y,y) = Fy(y,y) = 2f(y). If F, and F, are defined by
) and (3.12), respectively, formula (4.2) represents a Douglas-Rachford
1ating direction scheme given by MCKEE and MITCHELL [5]. To illustrate

we consider the parabolic equation

U, = al + 2bU + al
X X, X

1% 1%2 2

2 2
a, b >0, bo <a", a and b constant,
ssume that appropriate boundary and initial conditions are given.

ar, it is assumed that this equation is semi-discretized on a recti-

: grid using standard finite differences to obtain the linear system

ley

>
= QM+ M)y,




aning of the matrices M], M12 and M22 shall be clear f£

For equation (4.4) the splitting functions (3.11) and

> > > > > -
Fl(u,v) = %M]u + ;sz + MV,
- —'M—>+'M+;FM+
Fz(u,v) = :Mu M,V 124>

heme (4.2) then reads (Tn the steplength)

(1 - )
o - Yn ¥ %T ) y(+1

1
nt] n Tn[le + 2M12

+ M2]§n,
- _—->(1) : -> I -
Yn+t1 = Yper * 2Ty MZ Tn+1 2Th M2 n®

uglas-Rachford splitting given by Mckee and Mitchell i

ized. They give an analysis from which unconditional s

. 4.1 The coefficients of U and U in (4.3) are

plify the expressions (4. 5) (L 6). In case of unequal
(4.2) gives a splitting scheme which slightly differs
of McKee and Mitchell.

e three-dimensional Douglas scheme

ssume that f satisfies (3.13) and consider the scheme

>(1) _ > >(1) » = T > >

n+l yn + Zh [H(yn+1,y syn) + H(lynaynayn)]:
>(2) _ >(1) > >(2) » - N
n+l yn+1 zhn[H(y ,yn+1’y ) H@n,ynsyn)],

2(2)

> PO = e - R
Ve = Ypap TR THGLY Y ) - HG LY YD

ining the functions

1e fore-

') reduce

easily

ty results.

. equal
.clents

the




+rj
~,
[y

<
p—

[}

N

o)
=
<
<
p—

+
Nl

=
X

<y
Nt

>
%2(?1’—\7) = '12'?1(‘79?157) - %H(—Gyz,z),
> > >

F3(ﬁ,$) = %H@’_{”ﬁ) - %H(—‘;’-%’?’)’

) can be rewritten as

(1) (1) »

-> > >
n+l1 = Yn * hnFl(yn+1’yn)’
22 _ (), 3 222
n+l ~ In+l + hnFZ(ynH’yn)’
> _ >(2) s >
Yp#1 = Y1 F hnF3(§n+1’yn)'

y shown that this scheme is of second orde
, while its amplification matrix is factor
by the alternating direction splitting fun

sents a method which goes back to DOUGLAS

eralized Douglas scheme

satisfy the relation
-> > > > >
£(y) = H(Y,¥5:-+5Y) 5

m—argument function still to be prescribed

ine
+§li B S'>n * %hn ﬁ(+£lz’§n" ”§n) *
th BT 5e-e57),
RUEE AN (N (AR A S A
th BT 55905 3= 201
S,>n+l - §iT3'




similar way as in the preceding sedtion, it can be shown that this
> is of second order and belongs to class (2.1),(2.5). According to
it is called a generalized Douglas scheme if H represents the alter-
; direction splitting for a 2m+l-point coupled function H which ori-
»s from semi-discretization of an m-dimensional parabolic equation

ire section 3.2).
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